A fault containing two asperities with different strengths is considered. 2 The fault is embedded in a shear zone subject to a constant strain rate 3 by the motions of adjacent tectonic plates. The fault is modelled as a 4 discrete dynamical system where the average values of stress, friction 5 and slip on each asperity are considered. The state of the fault is 6 described by three variables: the slip deficits of the asperities and the 7 viscoelastic deformation. The system has four dynamic modes, for 8 which analytical solutions are calculated. The relationship between 9 the state of the fault before a seismic event and the sequence of slipping 10 modes in the event is enlightened. Since the moment rate depends on 11 the number and sequence of slipping modes, the knowledge of the 12 source function of an earthquake constrains the orbit of the system 13 in the phase space. If the source functions of a larger number of 14 consecutive earthquakes were known, the orbit could be constrained 15 more and more and its evolution could be predicted with a smaller 16 1 uncertainty. The model is applied to the 1964 Alaska earthquake, 17 which was the effect of the failure of two asperities and for which a 18 remarkable postseismic relaxation has been observed in the subsequent 19 decades. The evolution of the system after the 1964 event depends on 20 the state from which the event was originated, that is constrained by 21 the observed moment rate. The possible durations of the interseismic 22 interval and the possible moment rates of the next earthquake are 23 calculated as functions of the initial state. 24 1 Introduction 25 Many aspects of fault dynamics can be reproduced by asperity models (Lay et 26 al. , 1982; Scholz, 1990), assuming that one or more regions of the fault have 27 a much higher friction than the adjacent regions. Several large and medium-28 size earthquakes that occurred in the last decades were the result of the failure 29 of two distinct asperities, such as the 1964 Alaska earthquake (Christensen 30
and
Hence the system is described by the five parameters α, β, , Θ and V , with 119 α > 0, 0 < β < 1, 0 < < 1, Θ > 0, V > 0. From these parameters we can 120 define a slip 121 U = 2 1 − 1 + α (4) and the frequencies 122 ω = √ 1 + α, Ω = √ 1 + 2α (5) that will appear in the solutions. The system is subject to the additional 123 constraint 124 X ≥ 0, Y ≥ 0 (6) that excludes overshooting during fault slip. Forces are expressed in terms 125 of the static friction of asperity 1, so that the conditions for the failure of 126 asperities 1 and 2 are respectively 127 F 1 = −1,
or, from (1),
of the space XY Z. It is the region bounded by the planes X = 0, Y = 0, Π 1 140 and Π 2 : a tetrahedron T (Fig. 2) .
141
A seismic event takes place when the orbit of the system reaches one of 142 the faces ACD or BCD of T, belonging respectively to the planes Π 1 and Π 2 .
143
In these cases, the system passes from mode 00 to mode 10 or 01 respectively. 144 If the orbit reaches the edge CD, the system passes instead to mode 11. For 145 later use, we introduce a point P with coordinates 146 X P = α + αβ + 1 1 + 2α ,
It belongs to the edge CD and corresponds to the case of elastic coupling: The variables X and Y increase steadily due to tectonic motions, while Z is 156 governed by the Maxwell constitutive equation. The equations of motion are
where a dot indicates differentiation with respect to T . The fault can enter 158 mode 00 from mode 10 or from mode 01. With initial conditions 159
with T ≥ 0. The initial point belongs necessarily to T and (14) are the 162 parametric equations of a curve lying on the plane
which is parallel to the Z axis. The equations of motion are
The fault can enter mode 10 from mode 11 or from mode 00. 
The slip duration, calculated from the conditionẊ(T ) = 0, is 172 
The solution reduces to
If the orbit does not reach the face BCD during the mode, one has
If the orbit reaches BCD before time π/ω has elapsed, the system passes to 179 mode 11. In this case,
3.3 Failure of asperity 2 (mode 01)
182
The equations of motion are
The fault can enter mode 01 from mode 11 or from mode 00. 
The slip duration, calculated from the conditionẎ (T ) = 0, is
and the final slip amplitude is
b) Case 00 → 01. In this case the initial point belongs to the face BCD so
and from (43)
193Ū
If the orbit does not reach the face ACD during the mode, one has
If the orbit reaches ACD before time π/ω has elapsed, the system passes to 196 mode 11. In this case,
3.4 Simultaneous asperity failure (mode 11)
199
and the solution is
where the constants A, B, C, D, E 1 , E 2 , E 3 depend on initial conditions.
202
The fault can enter mode 11 from mode 10, 01 or 00. 203 a) Case 10 → 11. The initial conditions are
and the constants are
The constants B, D, E 1 , E 2 , E 3 are given by (62)-(66), while
The constants B, D, E 1 , E 2 , E 3 are given by (62) In general, a seismic event will involve n slipping modes of the fault. The 214 sequence of slipping modes determines not only the source function and the 215 seismic moment of the earthquake, but also the position of its focus. We wish 216 to find the relationship between the state of the fault before the earthquake 217 and the sequence of slipping modes.
218
During the interseismic intervals, the fault is subject to continuous tec-219 tonic loading due to the motion of adjacent plates and to the effect of vis-220 coelastic relaxation of the stress accumulated by previous seismic activity. 221 Given any state P 0 = (X 0 , Y 0 , Z 0 ) ∈ T, its orbit will lead to the failure of 222 asperity 1 or asperity 2 or to the simultaneous failure of both asperities. In 223 fact, all the orbits (14) in mode 00 reach one of the faces ACD or BCD or 224 their common edge CD. We wish to determine the subset T 1 of the sticking 225 region T such that, if P 0 ∈ T 1 , the orbit reaches ACD and the subset T 2 226 such that, if P 0 ∈ T 2 , the orbit reaches BCD.
227
Any curve (14), if prolonged outside T, intersects both Π 1 and Π 2 . Let 228 P 1 = (X 1 , Y 1 , Z 1 ) and P 2 = (X 2 , Y 2 , Z 2 ) be the intersection points with the 229 two planes respectively and let T 1 and T 2 be the corresponding instants of 230 time. Accordingly, X 1 and Z 1 must satisfy (8) or, thanks to (14),
where W is the Lambert function with argument
Analogously, Y 2 and Z 2 must satisfy (9) or, thanks to (14),
We consider the difference
and define a surface Σ with the equation
or, thanks to (75) and (78),
This is a transcendental surface that divides T in two connected, open subsets 240 T 1 and T 2 with the required properties ( Fig. 3 ). If β = 1, the surface Σ 241 divides T in two halves; if β < 1, T 1 has a smaller volume than T 2 . The 242 edge CD of T belongs to Σ. By definition, no orbit can cross Σ: therefore, 243 if P 0 ∈ Σ, its orbit remains on Σ and reaches the edge CD.
244
After an orbit reaches one of the faces ACD or BCD at a point P k , the 245 sequence of modes in the earthquake will be different according to which 246 subset of the face P k belongs to. This is illustrated in Fig. 4 . Let us consider 247 the face ACD. If P k belongs to the triangle Q 1 , the earthquake will be a 248 1-mode event 10. If P k belongs to the segment s 1 , the earthquake will be a 249 2-mode event 10-01. If P k belongs to the trapezoid R 1 , the earthquake will be 250 a 3-mode event 10-11-10 or 10-11-01. The remaining part of the face would 251 lead to overshooting. Analogous considerations can be made for subsets Q 2 , 252 s 2 and R 2 of the face BCD.
253
Therefore, events involving the simultaneous failure of asperities can take 254 place only from particular subsets of states of the system. In general, a 255 3-mode event can result from four different sequences of modes: 10-11-10, 256 10-11-01, 01-11-10, 01-11-01. In particular cases, sequences like 10-01-10 or 257 01-10-01 are also possible.
258
The reasons for the different sequences of modes involved in the earth-259 quake are clear if we consider the forces acting on the asperities in the differ-260 ent states. If we consider the face ACD, we have F 1 = −1 everywhere, while 261 F 2 is equal to −β on CD and decreases in magnitude with the distance from 262 this edge. Hence, the onset mode 10 of the sequence can trigger mode 11 263 only if |F 2 | is large enough and this occurs if P k ∈ R 1 . When F 2 = −(β −αU ) 264 we have the limit case of two consecutive modes 10-01. For smaller values 265 of |F 2 |, no triggering occurs and the earthquake is a 1-mode event 10. The 266 same considerations can be made for the face BCD.
267
This analysis enlightens the relationship between the state of the fault 268 before an earthquake and the sequence of modes in the seismic event. It also 269 suggests that the knowledge of the source function of an earthquake may 270 allow us to constrain the orbit of the system in the phase space. The number and the sequence of slipping modes involved in a seismic event 273 determine the moment rate of the earthquake. Let P i be the singular points of 274 the orbit, i.e. the points where the system passes from one mode to another.
275
If the seismic event begins at P k , the representative point of the system when 276 it enters the i-th slipping mode is P k+i−1 and the corresponding instant of 277 time is T k+i−1 (i = 1, 2, . . . n). The duration of the i-th mode is
and the seismic event terminates at time T k+n . In the i-th mode, the slip 279 functions of asperities 1 and 2 are respectively
where the appropriate expressions of X(T ) and Y (T ) must be used. The moment rate of an n-mode seismic event can be calculated as
where M 1 is the seismic moment due to the slip of asperity 1 by an amount 
and the final seismic moment is
The moment rate depends on the state of the fault at the beginning of the 288 seismic event, i.e. on the coordinates X k , Y k and Z k . This state is a priori 289 unknown, but the knowledge of the source function of the earthquake allows 290 us to set constraints on it. As shown in section 4, if the first mode is 10 or 291 01, P k must belong to the face ACD or BCD of T. In addition, if the event 292 has a single mode, P k belongs to the subset Q 1 or Q 2 ; if the event has two 293 modes, P k belongs to the segment s 1 or s 2 ; if the event has three modes, P k 294 belongs to the subset R 1 or R 2 .
295
This allows us to constrain the evolution of the system to a certain subset 296 of the phase space and, when the next earthquake will occur, the knowledge 297 of its moment rate will allow us to further constrain this subset. Hence, if 298 we knew the source functions of a sufficiently large number of consecutive 299 earthquakes, we could constrain more and more the orbit of the system and 300 its evolution could be predicted with a smaller uncertainty. 301 6 Application to the 1964 Alaska earthquake the representative point of the system at the beginning of the seismic event.
The orbit of the system is one of the bundle of curves with parametric equa-331 tions (14) passing through s 1 . At the end of mode 10, the system is at P 2 332 with coordinates 333
As Z 1 varies in the interval (90), there is an infinite number of points P 2 334 forming another segment r 1 belonging to the face BCD and parallel to the 335 edge CD. At the end of the event, the system is at P 3 , with coordinates 336
As Z 1 varies in the interval (90), there is an infinite number of points P 3 337 forming another segment q 1 . This segment is also parallel to the edge CD.
338
However it intersects the surface Σ for Z 1 = Z c , with Z a < Z c < Z b .
339
From (1), it is easy to calculate the forces on the asperities at points P 1 , 340 P 2 and P 3 . These forces are independent of the positions of the points on 341 the respective segments s 1 , r 1 and q 1 :
For an application of the model to the Alaska earthquake, we take α = 0. Then, according to (94)-(96), the forces immediately before the 1964 347 earthquake are F 1 (T 1 ) = −1 and F 2 (T 1 ) = −0.70, showing that the mag-348 nitude of stress on asperity 2 is 70% of that on asperity 1. The failure of 349 asperity 1 reduces the stress on asperity 1 and transfers stress to asperity 2 350 up to static friction, so that F 1 (T 2 ) = −0.40 and F 2 (T 2 ) = −0.75. Finally, the 351 failure of asperity 2 reduces the stress on asperity 2 and transfers stress back Since the segment q 1 intersects Σ, the point P 3 can belong to T 1 , T 2 or 362 Σ. In the first case, the next event will start with the failure of asperity 1, 363 in the second case with the failure of asperity 2, in the third case with the 364 simultaneous failure of both asperities.
365
According to the present model, the duration of the interseismic interval 366 between 1964 and the next earthquake is
Thanks to (93), the coordinates of P 3 can be expressed as functions of Z 1 .
369
The function T /Θ(Z 1 ) is shown in Fig. 5a . The duration of the interseismic 370 interval ranges from about 2 to 13 Θ, that is from about 60 to 390 a. The 371 maximum value is obtained for Z 1 = Z c . We conclude that the evolution 372 of the system after the 1964 event depends on the particular state P 1 from 373 which the 1964 event was originated. Since we have expressed X 1 and Y 1 as 374 functions of Z 1 , we may characterize the evolution by the value of Z 1 as well.
375
In general, the next event will be an n-mode event beginning at a point 376 P 4 with coordinates 377
where T is given by (97). There is an infinite number of possible points P 4 378 belonging in part to face ACD, in part to BCD. Thanks to (1), (93) and 379 (99), the forces at P 4 are
In contrast with the forces (96) at P 3 , they depend on the particular point 382 P 4 , hence on Z 1 (Fig. 5b) , a consequence of viscoelastic relaxation during 383 the interseismic interval.
384
Hence the interval [Z a , Z b ] can be divided into subintervals leading to 385 different evolutions. If −4.55 ≤ Z 1 < 0.20 the next earthquake will be a 386 1-mode event 01. If 0.20 ≤ Z 1 < 0.41, it will be a 3-mode event 01-11-10. If 387 Z 1 = 0.41, it will be a 2-mode event 11-10. If 0.41 < Z 1 < 0.70, it will be 388 a 3-mode event 10-11-10. Finally, if 0.70 ≤ Z 1 ≤ 2.86, it will be a 1-mode 389 event 10.
390
The corresponding values of the seismic moment M 0 calculated from (88) 391 are shown in Fig. 5c and compared with the moment of the 1964 earthquake.
being a large-size event, it was followed by remarkable post-seismic deforma-424 tion; in addition, more than 50 years have elapsed since the earthquake, 425 allowing such a deformation to be observed over a sufficiently long period to determine the subset of phase space in which the system was before 1964 428 and the subset to which it came afterwards. This constrains the evolution of 429 the system to a certain bundle of orbits in the phase space, but still allows 430 a wide range of possible occurrence times and source functions for the next 431 earthquake. However, when the next earthquake will occur, the knowledge 432 of its moment rate will allow us to further constrain the orbit, and so on.
433
The present model is of course a simplification of a real fault, but it 434 suggests how the accumulation of knowledge on the seismic activity of a 435 fault may allow us to constrain the state of the fault and to predict its future 436 activity.
437 mantle: evidence from rock mechanics, geodesy, and field observation, Fig. 6e 
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